Abstract-There has been a rapidly growing interest in optoelectronic properties of graphene and associated structures. Despite the general belief on absence of spontaneous emission in graphene, which is normally attributed to its unique ultrafast carrier momentum relaxation mechanisms, there exist a few recent evidences of strong optical gain and spontaneous light emission from monolayer graphene, supported by observations of dominant role of out-of-plane excitons in polycyclic aromatic hydrocarbons. In this paper, we develop a novel concept of light emission and optical gain from simple vertical graphene/dielectric tunnel junctions. It is theoretically shown that the possible optical gain or emission spectrum will be easily tunable by the applied voltage. We present details of quantum mechanical calculations and perform an exact analysis of field-assisted tunneling using transfer matrices combined with expansion on Airy's functions.
I. INTRODUCTION
E LECTRO-LUMINESCENCE is the primary method for energy efficient conversion of electricity into light. In all semiconductor based materials this happens as a result of radiative recombination of electrons and holes. For this purpose, semiconductors with direct bandgaps are used. Meanwhile, quantum confinement of carriers by artificial nanostructures helps to amplify the electroluminescence through increasing the dipole moments by two orders of magnitude, thereby obtaining bright light sources in the optical spectrum, ranging from near infrared to the ultraviolet. In all cases, the choice of color is fixed once the material is chosen and the structure is fabricated. Application of external voltage helps the device to change its brightness. Hence, a red-emitting device, for instance, can never emit in the blue spectrum. That means the emission spectra are more or less fixed at the time of fabrication.
The peculiar electronic properties of graphene, the two-dimensional wonder material, here come to help. This zero-bandgap semimetal exhibits a linear dispersion around the so-called Dirac points, allowing color tunability through careful design. While it had been believed that ultrafast mechanisms would prevent light emission [1] , [2] , ultrafast electroluminescence [3] , optical gain [4] , and population inversion and THz lasing [5] have recently been directly observed in graphene. A simple calculation reveals that graphene permits very large dipole moment in the optical spectrum, indeed, quite comparable to those of the best engineered quantum confined nanostructures.
In the proposed design, two graphene layers are separated by an extremely thin dielectric, which should be just a few Angstroms in width. The best choice for this purpose might be hexagonal boron nitride, the hydrogenated graphene (graphane), or graphene-oxide. Graphene layers on both sides are pristine and can be un-doped. The planar nature of dielectric allows low-voltage operation and high brightness, because of the peculiar form of the density of states. Such heterojunctions have been in use [6] - [10] for study of transistor actions and photonic modulators. Alternative materials are oxides and sulfides of tungsten and molybdenum [10] - [12] . Recently, photoluminescence has been observed in mono-layer tungsten disulfide [13] , [14] , graphane [15] - [18] , and transition metal dichalcogenides [19] . With the advent of graphenelike planar materials such as graphane [15] - [19] , silicene [20] , germanane [21] , borophene [22] , and artificial graphene [23] , even further possibilities could be imagined. It should be also mentioned that a comparable tunnel structure made of p-Si/Thin SiO 2 /n-Si [24] has been shown to enhance the infrared light emission by up to 3 orders of magnitude.
Application of an external voltage causes a shift in the Fermi levels of both sides, but in opposite directions, so that the cathode (anode) gets occupied (depleted) of high (low) energy electrons. The amount of difference in the energies on the two sides is roughly proportional to the square root of the applied voltage, when un-doped graphene layers are used for both electrodes. This is in contrast to the in-plane excitons which normally live in single-layer materials, where recombinations of out-of-plane excitons are here sought [25] ; interestingly, it has been also shown that out-of-plane excitons are just as important as in-plane excitons in light emission from polycyclic aromatic hydrocarbons, such as graphene, pentacene, and perylene [25] . Now, high energy electrons can tunnel across the barrier through the field-assisted tunneling mechanism, and undergo recombination with holes on the anode surface. The maximum in the emission spectrum is therefore equal to the twice value of the Fermi level, which is in turn proportional to the square root of the voltage. As a result, the output spectrum gets blue-shifted by increasing the voltage, and color tunability is obtained simply by changing the voltage.
A detailed computation reveals that all visible colors are accessible by voltages ranging from 0.35 to 0.8 volts. Multiple layers can be added to obtain higher brightness, evidently if emission rate is sufficiently higher than the absorption (for a spontaneous light emitting device this criterion is normally met at the expense of some additional input power). Meanwhile for large-area structures, electrodes can be patterned to obtain an addressable and compact dot-matrix of light emitting diodes. Raster scanning will therefore enable production of live videos.
As illustrated in Fig. 1 , this structure is at the same time mechanically transportable and very much flexible. It can be used virtually everywhere, ranging from books covered with electro-optic illustrations, cloths, low-cost electro-optic advertisements, etc., simply implying an enabling technology to have displays everywhere on the planet.
II. STRUCTURE AND CALCULATIONS
The tunneling mechanism in the graphene tunnel junction of interest can be illustrated as shown in Fig. 2 . Here, regions I and III represent graphene sheets while region II is the barrier dielectric. If taken a mono-layer of boron-nitride, the corresponding thickness and barrier height will be respectively, T B N = 2.489Å, and U B N = χ h BN − distribution is a simple result of the facts that (a) the densities of accumulated holes and electrons must be equal on both sides because of charge conversation; (b) the band-structure of graphene is nearly symmetric for holes and electrons across the Dirac point. The exact tunneling probability is calculated as follows later.
The amount of shift of Fermi levels on each side is thus evidently symmetric, which may be estimated using the reddashed square-root relationship as shown in Fig. 3 , given by the square-root dependence E F ∝ sgn (V ) √ |V |, where the proportionality constant may be determined from integration over Fermi-Dirac distribution multiplied by the density of states for the two-dimensional graphene (in the rest of this paper, the symbol E F > 0 is reserved for the electron Fermi level). This will result in the approximate relationship (reddashed curve in Fig. 3 )
in which B N = 4 0 is the dielectric constant of the barrier material and q being the electronic charge. The square-root dependence (1) has been also in use for similar structures [26] , and is to be compared versus the exact relationship (solidblue curve in Fig. 3 ) obtained from direct integration over the electronic density of states, times the corresponding FermiDirac distributions. It has to be here mentioned that in practice metal contacts need to be placed somewhere on the graphene layers (not shown in Fig. 1 above) , causing a shift V ext in V ext due to the possible Fermi-level pinning [27] as well as the corresponding Schottkey-barrier voltage drops (interestingly, a novel method has been also just reported [28] , which enables high-quality one-dimensional contact to graphene across its edge, instead of depositing metal contacts on the top of graphene surface). Hence, it is the driving voltage V ext = V + V ext that is actually applied externally to the combined structure (metal contacts, graphenes, and dielectric layers). All these effects may be combined into a nonlinear series resistance R s as illustrated in the equivalent circuit in Fig. 1(b) . Evidently, if symmetric metal contacts with work functions close to that of the graphene are to be used, then the overall voltage difference would roughly smooth out, as one junction is forward-biased while the other is reverse-biased. Hence, for the sake of brevity we may take the Ohmic linear approximation V ext ≈ R s I and disregard such small non-linear terms. The DC current flowing into the structure will pass through the quantum tunneling conductance G = AG g to be calculated later, placed in parallel to the capacitance C = AC g . Here, A is the area of the device, C g = B N /t B N , and G g is the per-unit quantum conductance to be found later. It may be added here that closely related devices have been already proposed as a three-terminal tunnel-FET [29] and also a four-terminal homoexpitaxial tunnel device [30] .
While the two-dimensional density of states for gapped materials is given by [31] G (E) ∝ |E| 1 2 (N−2) with N = 2 being the dimensionality, for the gapless graphene we have G (E) ∝ |E| [32] . Eventually, the Fermi energy E F may be determined by solution of the implicit relationship (4) . Accordingly, the Fermi levels across the graphene/ insulator/graphene system is adjustable such that E F ∝ √ |V |. Later we shall see that this value also roughly corresponds to the maximum of emission spectra according to ω max = 2E F . It should be added that (1) is actually the zero-temperature limit of (2) with T → 0 + . Solution of (2a) is possible only numerically, which is to be compared with the approximate relationship (1) in Fig. 3 .
Ignoring the non-radiative recombination mechanisms (see Appendix A), the intensity of emitted photons at a given wavelength can be estimated by considering the tunneling probability of electrons or holes through the insulator, electron and holes distributions over energy, and transition matrix elements. Mathematically one can consider all transitions over the Brillouin zone and write the luminance function (having the dimension of energy density) as
Here, S U C = 3 √ 3a 2 /2 with a = 0.142nm being the carboncarbon bond length is the area of unit cell in graphene, L (k, ω) accounts for a Lorentzian broadening, M (k, ω) is the transition matrix element for electron-hole recombination. E k = v F k represents the conical band-structure of graphene expanded at its Dirac points, in which v F is the Fermi velocity.
2 is tunneling probability, and f e [E k ] and
are the electron and hole distributions on opposite sides, given by
Also, (k) is the graphene's density of states in the wavevector space, given by
Here, we notice that the Fermi level for holes −E F is a negative quantity. Also, the transition frequency ω k = 2E k corresponds to the frequency of the photon resulting from the direct band-to-band radiative recombination of an electronhole pair with identical momenta of k = |k−k F |. The factor 6 is the number of Dirac points centered at various k F 's. Connected with any tunneling/transition we may expect broadenings as results of thermal processes as well as uncertainties in energies and momenta. The combined effects may be appropriately modeled by
where τ is the associated phenomenological time constant. We anticipate this parameter to be of the order of 1ps corresponding to an uncertainty in energy of the order of 1meV. Larger values than 10ps effectively have no appreciable effect on the final spectrum, while shorter durations result in strong diminishing of the output optical power. The same order also applies to similar optoelectronic processes in directgap semiconductors, nevertheless, a reliable estimation needs accurate experiments. The transition matrix elements of graphene are given by [33] 
in whichê = e xx + e yŷ is the unit polarization vector andv is the velocity operator. For the case of spontaneously emitted single photons from a radiative recombination, only circular polarizations may be expected. This would simplify (7) as c k |ê ·v|v k = v F . Now, the electric dipole moments are M (k, ω) = q c k |ê ·v|v k , which can be obtained by noting the fact thatv = j H,r where H is the Hamiltonian. After some algebra (Appendix B) we are able to get
This result shows that in the visible and infrared spectrum, pristine Graphene is nearly as good as the best quantum confined nanostructures in regard to their very large transition dipoles as illustrated in Fig. 4 e-hh and e-lh transitions in a lattice-matched InGaAlAs/InP quantum well, while the same value for the pristine (unconfined and unpatterend) graphene at the same wavelength is 39.47 Debye. At larger wavelengths, the transition dipole of graphene continues to increase linearly, while for semiconductors it remains limited to within the same order of magnitude.
At 1THz the dipole of graphene reaches the value of 7400 Debye, which explains the unparalleled performance of this material at millimeter waves. This peculiar property of Graphene is owing to its unique band-structure and existence of Dirac points, as well as small C-C bond length and hence large orbital overlaps between π and π * bands.
The tunneling probability |T [E]| 2 of the electrons through the insulator according to Fig. 2 , depends not only on the thickness of the potential barrier but also on the applied electric field. A detailed treatment of the problem of finding the field-assisted tunneling probability in such a system using transfer matrix formalism [34] , [35] combined with expansion on Airy's functions [36] , [37] is briefly explained here.
The electron wavefunctions in regions I and III are given by ψ j (z) = a In Fig. 5 the normalized emission spectra of the system under a few various different bias voltages are plotted for circularly polarized emitted spontaneous light. Clearly the peak wavelength of the emission spectra is a function of external voltage. As it was expected, we may easily observe the drift of emission maxima with the applied external voltage according to λ max = 2π c/q |V ext |.
This suggests that the color of the emitted light perceived by human eye can be adjusted and tuned in a rather continuous way by applying the external voltage. According to the plot, the FWHM at the blue end of the emission spectrum is around 200nm, while it increases for longer wavelengths at the red end of the spectrum to above 240nm. Evidently, the spectra are asymmetric around their maxima due to the sharp decrease of Fermi-Dirac distribution above the Fermi energy. Of course, this device is not able to emit any desired color especially because of its relatively wide FWHM, and for this purpose it might not be appropriate for stimulated emission applications. However, combinations of various colors via three pixels may produce any desired color code. For this purpose, any pixel must be consisting of three of such emitters, and hence a four-terminal device at least. In Fig. 5 the emission spectra are converted to their corresponding colors based on CIE standard [38] .
One of the interesting possible applications of this light emitting junction is the realization of a matrix array of light emitting cells, which at each crossing would emit a certain color controllable by the momentary applied voltage to the two electrodes. Raster scanning will allow fully functional live videos over extremely thin and flexible light emitting thin film displays, as shown in Fig. 6 .
Counter-intuitively, the photon energies in the presented design exceed the equivalent energy due to the external bias. This contradiction is in fact due to the square-root dependence of Fermi-energy E F on the external voltage V ext (1) , and could be explained as follows. Let for positive voltages we have
where D is the proportionality constant. This approximatuion is true when the voltage drop on the series contact resistance R s is negligible, which is the case for small current densities. Evidently, for D > or external voltages satisfying V < V ext < V M = 4D 2 /q, we obtain 2E F > qV ext . Hence, it is not surprising that the Fermi energy could exceed the apparent bias energy and violate the expected relationship qV ext > 2E F . The physical reason behind this argument is that the strange density of states function for the gapless graphene is proportional to the energy, whereas for the conventional two-dimensional gapped materials is independent of the energy. Hence, the relationship between the Fermi energy and external voltage in not trivial. For sufficiently small external bias when V ext < V M , and sufficiently small thickness (which is inversely proportional to D), the Fermi energy could exceed the bias, or somehow virtually amplified. This hidden boost in the bias voltage is nevertheless irrelevant to the conservation of energy, where output optical power should match the input electrical power including losses. The numerical value of V M for this structure is calculated to be around 14V. Now, in contrast to the comparable structure in [26] , the main difference is the thickness of the dielectric barrier between the two graphene layers. In our design the BN layer is only one mono-layer thick (to enable large tunneling current), while the work in [26] is 7nm thick, being about 28 times thicker than that of ours. It is not difficult to verify that larger thickness would result in larger drive voltage, while keeping the Fermi levels at the same. The approximate relationship between the Fermi energy and applied voltage according to the article [26] 
is proportional to the capacitance per unit area over electronic charge; by assuming B N = 4 0 , we obtain η = 9.9 × 10 16 m −2 V −1 , in agreement with the experimentally fitted value of η = 9 × 10 16 m −2 V −1 in the paper [26] . This fit also perfectly matches to the relation (1) above. Now, for our structure with one mono-layer dielectric, the typical operating voltage must be roughly 5 times smaller. Clearly, a thinner dielectric and hence larger capacitance per unit area would require much lower voltage, while keeping the Fermi level unchanged. This would explain the low-voltage operation of our proposed device.
We furthermore may also cite the reference [24] , where the fabricated tunneling device emits at 1.14μm, which is equivalent to 1.1eV. The device has been biased well under 1V, while the device area has been 1.5 × 1.5mm 2 . Hence, the average current density has been less than 4.44 A/cm 2 , corresponding to the bias current of 100mA. The considered p-Si/Ultrathin SiO 2 /n-Si device [24] , has had some appreciable emission around 1.5-3μW for current densities ranging 2-5 A/cm 2 . This range of current density points to a bias voltage well under 1V, where the bias current should have 
where G 0 = q 2 /π is the quantum conductance. Hence, G g is the nonlinear quantum tunneling conductance per unit area given by G g = J (V )/V . The I-V relationship and nonlinear conductance are calculated in Fig. 7 . The relationship tends to a linear one for voltages above 0.1V, which could be attributed to the ultrathin dielectric used. This will give rise to a maximum tunneling conductance per unit area of G g ≈ 120S/μm 2 .
The last standing question is the necessity of a symmetric junction. In fact, since the recombinations are expected to take place at the anode surface, changing the cathode material should have not any effect on the basic operation of the device, as long as fabrication is not considered as an additional challenge. However, the zero reference voltage would shift accordingly, which will be a result of net difference in the Table I . However, it has to be kept in mind that asymmetric junctions with one metal electrode cause additional non-trivial shifts in calculation of E F ; this alteration of E F has been deeply studied using Density Functional Theory simulations [40] .
A final remark may be also made on the orientation of graphene with respect to the BN layer. As it has been discussed through numerous experiments, at a precise mis-orientation angle between the graphene and BN, a mini-gap as large as 53meV may open [41] - [45] . This will definitely influence the long wavelength performance of the device. Also, there exist dopants with specific stoichiometry which significantly alter the properties of graphene without removal of its Dirac point degeneracy, based on which the very unexpected superconductivity in graphene has been observed [46] . Such tunnel junctions may therefore be utilized with appropriate doping on both sides, too, to obtain high quality vertical Josephson junctions.
III. CONCLUSION
In conclusions, we investigate the possibility of light emission from graphene/dielectric sandwich structures, which radiative recombinations plus quantum tunneling will determine the optical spectrum, and therefore the color, of the devices. If the physical mechanism(s) behind the spontaneous emission in graphene-like materials is fully understood, it is hoped that these light emitting devices will open up their ways in the industry market soon afterwards.
APPENDIX A
As for the non-radiative recombinations and thermalization of carriers, a portion of the bias current in Fig. 7(a) should be assigned to this mechanism. We may decompose the bias current into two radiative J r and non-radiative J nr terms as
where only the first term J r is responsible for emission of photons, giving rise to the luminance (3). All other carrier loss mechanisms outside the tunnel junction and nonradiative recombinations due to rapid thermalization of carriers may be assigned to the second term J nr . Here, we can now define phenomenological characteristic radiative and nonradiative recombination time-constants (c.f. Appendix B [34] ) as
These relations should roughly hold in the linear operation regime of the device as discussed above. The radiative term is related to the luminance L v (ω) as 
Consequently, the emission of single-photons is associated with a constant transfer element since the polarization vector is circular, that isê = 1 √ 2
x ± jŷ . Hence, we first get
which is independent of photon energy. The second result comes from the electric dipoles of the transitions in Graphene. We have
For a resonant transition, we have E c (k) − E v (k) = ω, and therefore from (B2) we get
in which ρ = | qr | is the magnitude of the electric dipole moment. Expressing in standard Debye units, we have
where λ is the wavelength and all parameters on the righthand-side are given in SI units. This is the same as relation (8) .
